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Thermo field dynamics of quantum spin systems is formulated, which gives a
new variational principle at finite temperatures. The KMS relation is refor-
mulated as identities among thermal vacuum states. Path integral formulations
of the thermal vacuum state are given, which yield a new “thermo field Monte
Carlo method.” Thermo field dynamics of finite-spin systems are studied in
detail as simple examples of the present method. Pertubational expansion
methods of the thermal state and time-dependent state are also given.
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1. INTRODUCTION

The purpose of the present paper is to extend the thermo field
dynamics* to quantum spin systems and to give a formal expression of
the thermal state. This is convenient for constructing a variational theory
at finite temperatures and for numerical calculations. Thermo field Monte
Carlo and transfer-matrix methods are proposed to study numerically the
thermal vacuum state of quantum spin systems. Some useful formulas con-
cerning the thermal vacuum state and projection operators are given in the
Appendix. The thermal states of finite-spin systems are given explicitly. Per-
turbational expansions of the thermal state and nonequilibrium state are
also given.

! Department of Physics, University of Tokyo, Hongo, Bunkyo-ku, Tokyo 113 Japan.
1047

0022-4715/86/0300-1047805.00/0 © 1986 Plenum Publishing Corporation



1048 Suzuki

2. GENERAL FORMULATION OF THERMO FIELD DYNAMICS
IN QUANTUM SPIN SYSTEMS

As was generally formulated in Fermi and Bose systems,!™’ the
statistical average of any physical quantity @ at temperature 7T is expressed
by the “thermal vacuum” expectation value of the form

{Q>=Z ) Tr Qe P =L O(B) @ 10(B)) (1)
and

1

Zp=Tre ", f=ps

2)

where 5 is the Hamiltonian of the relevant quantum system. Here, the
thermal vacuum state |O(f)) is constructed in a replicated space
In,fiy=in)|ii) as

0(B)>=2Z(B)~"* Y e P52 |n, ity

n

:Z(ﬁ)Al/QeA(l/Z)ﬂ%Zln’fl> (3)

where |n) is an eigenstate of # with an eigenvalue E,, namely,

Hlnd=E, \|nd 4)

and [Ai> is the corresponding eigenstate in the fictitious dynamical system
# which is identical to the original system # through the following map-

ping:
(1) The tilde spin operator § is, in general, defined "> by
(LS imy = (m| ST (n)y=<n| S |m)* (5)
(2) The commutation rule is given by
[S,0]1=0 (6)
Then, we obtain the following conjugation rules*3):
AB=A4B, cm=c§“2+c§“§
—— (7)

AT=1",  A=4, and 10(B)>=10(f)>

Here ¢, and ¢, are ¢ numbers and c¢* denotes the complex conjugate of c.
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For spin operators 8%, S, and §%, we have explicitly

— 10 1\ — 1/0 i\ = 1/1 0
== S =2 SF=2
2(1 0>’ 2(—1' 0>’ 2(0 —1>

~ = = (01 = = = (00 8
S+=Sx—iSy=<O 0), S‘=Sx+iSfV=< ) ®

[S%, §7] = —iS*
More conveniently, the above thermal vacuum state is also expressed® by

lO(B)> =Z(B) ™" exp(—3BH) 11> 9)

where

1> =315, 3 (10)

Here |s)> is a microstate as a direct product of N spinors

1 0
ai:<0>.s ﬂz:<l>> S;’ai:%ais and Szzﬁl: ___%ﬁl
namely,

ls>:(slasla"-7SN>s lsi>:ai or ﬁi (12)

The space |5 is the tilde spin space defined by (5) and (6).
It is easy to prove™ that

Enjln,ﬁ>=§!s,s~>=ll> (13)
using the unitarity of the transformation
{ln>}=U{ls)}
Le.,
!n>=§Um s> (14)
namely,
Y. U, Uk =56,, (15)

822/42/5-6-21
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This yields the equivalence of the two expressions (3) and (9). This
equivalence is very useful from a practical point of view, because the state
Is, §> is immediately obtained, while the state |n, 7 is generally difficult to
obtain.

More generally, the time-dependent state |¥(¢)) is expressed by

1P(0)> = p(t)!2 1> = p(t) 2} |5, 5> (16)
where the density matrix p(z) is given by the solution of the equation
2 p(1) = LA, p(0)] (17)
for a time-dependent Hamiltonian #(¢). Therefore, we have

0 PO
th=|¥(1)) = A1) [#(1)) (13)
when [#(t), #(t)]=0 as is usually the case, and

FQ) = H (1) — D) (19)

An equation similar to (18) was obtained'“” for a time-independent
Hamiltonian .
The formal solution of (18) is given by

e o
w0 =ex, (5[ #5170} (20)

using Kubo’s generalized ordered exponential.®® The above expressions
(13) and (20) hold in general quantum systems as well as in quantum spin
systems.

3. KUBO-MARTIN-SCHWINGER RELATION

As in Bose and Fermi systems, it is easy to express the Kubo-Mar-
tin-Schwinger (KMS) relation®!? in terms of the thermo field dynamics.
The Heisenberg representations of spin operator S and S are given by

S(t) - e(it/h))?se(fit/h).y? — e(ir/h)JfSe(;it/h)Jf (21)

and

S(t) - e(it/h)&?sve(~it/h)9? - e(~iz/'h)£§e(it/h>x (22)
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Then we have'*™ the following relations:

S(1) 10(B) > = S'(t — 5i#B) 10(B) > (23)
and _
(OB S(1)=<O(B)| ST (¢ +3ihp) (24)

These are called thermal state conditions.’**’ The above relations are
proven® even in the spin representation |s, 7). The above thermal state
(KMSTU™) conditions (23) and (24) yield®™* the ordinary KMS
relation:
COBN S(1) (') 10(B)>
= CO(P)| S*(z +3ihp) QT (' — 4ihPB) |O(B) >
= CO(B)] Q(2') S(z+ihB) |O(B)> (25)

The above relations (23) and (24) will be useful in C*-algebraic for-
mulations of statistical mechanics in terms of thermo field dynamics.

4. TILDE-CONJUGATION INVARIANT UNITARY SPIN TRANS-
FORMATION

It is convenient to find here a tilde-conjugation invariant unitary spin
transformation U such that

SE(B)=USFU',  S*(B)=US*U"" (26)
where
U'=U and U=U (27)

—————
Then, the transformed “thermal operators” S*(f), S*(p),... satisfy the spin
and antispin commutation relations

[S5B), SHBI=iS:B)  [STP) @ = -5t o8
[SX(B), S7(8)]=0, [S7(8), 5:(F)1=0
and
[S2(8), S;(B)1=0

and the Hermiticity relations

(SF(B)T = SF(B), (SH(B)' =S7(B) (29)
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The simplest and nontrivial example may be given by the following
transformation:

SE(B)=uSF +20S8;S7T
SF(B)=uS* +208:S; |
SH(B) =S —v*S; —uv(S;r ST +57°S;7)

and . . N N
SHB)=u’S: —v2S:—up(S; 87 +557) (30)

where the coefficients u and v are real parameters satistying the relation
' +vi=1 (31)
namely, they are functions of a single variable § as
u=u(p) and v=0v(f) (32)

It is easily shown® that the above new spin variables S;*(B), S;;(B), Si(B)
and S%(B) are generated by the following unitary transformation:
U=exp[0(B)(S, S — S5 )] (33)
through (26) with u(f) = cos 8(p).
Now we define a thermal state |O(f)>® by

08> =TT (u+vS;5F) 10> (34)

J

0= pu=() <(7) < x(7). 35)

and N denotes the number of spins. Then, we can confirm easily that

SH(B) 10(B) > = S:(B) |0(B)> @ = —40(B) >

S, (B)SF(B)1O(B) > = |0(B) >, S,?(Y?)S?(/ﬁ) 10(B)> @ =10(8)>©
S7(BY 0B @ =0,  57()10(8)> V=0 (36)
ST BIB)O =108, S (B) lf(73)>}°’= 10()>™

where

LB =87 (B)|O(B)Y =S 105, [1(B)>,=5(B) I0(B)>@ =57 0>
(37)

where



Thermo Field Dynamics of Quantum Spin Systems 1053

That is, the “thermal state” |O(f) > is the “eigenstate” of the “thermal

operators” S7(f) and §j‘(ﬁ/).
The inverse transformations of (30) are given by

H

Il

S# =uS*(B)—20S() ST (f)

Il

7 =uSF(p)—2083(F) S (B)
(38)

Sz =1>SH(B) — v°S2(B) + uv(S;" (B) S7(B) + S, (B) S, (B)
§7 = w2 Si(B) — v SXB) + uv(SF (B) S (B) + S (B) S, (B))

This inverse transformation will be useful in expressing spin Hamiltonians
in terms of thermal operators. Such Hamiltonians expressed by thermal
operators can be used to derive temperaturc-dependent spin waves, as will
be published elsewhere.

The above state |O(f)>® is shown easily to be the thermal vacuum
state of the following noninteracting spin system:

N
Ho=—uzH Y. S: (39)

j=1

under the relations that
u(f)=(1+e 2F*)=12, v(f)=e (14 ) 17 (40)

with w =3uz H.

In practical applications of the above transformation, the transfor-
mation coefficients v and v (or fw = 1puzH) may have more general and
physical meaning such as an effective field, as will be discussed later in
more detail.

5. PATH INTEGRAL FORMULATION OF THE THERMAL STATE
AND TRIAL THERMAL VACUUM

According to the present general formulation of the thermo field
dynamics of quantum spin systems, the thermal vacuum of a spin system

with Hamiltonian 4 is formally given by

[O(B)) = (Z(p)/2") 12 e~ VPP 10(0) ) (41)
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where the state |O(0) ) is the thermal vacuum in the high-temperature limit
and it is given explicitly by

1 —_
\0(0)>=Hﬁ(1+5,-+5f)10>=2_N/211> (42)

with (10) in our spin representation.

It is convenient to make use of the generalized Trotter formula®'~'%

eA1+A7_+ +A,,: hm (e(l/n)Ale(l/n)Az R e(l/n)A,,)n (43)

n—oC

The convergence of the limit (43) is assured by the following
inequality!'"14);

P » n
wo($ 4) (] o)
j=1 j=1 \

With the use of the above formula (43), we obtain the following path
integral formulation of the thermal state:

< (2 HAjH)Z exp ( » ||A,~n) (44)

j=1

|0(ﬂ)>=Z(ﬁ)fl/2 lim {e~(1/2n)ﬁ~’f(r1)x Xe~(1/2n)ﬁ%(w)}(15l)

n-— oo
x (e UAMPA () o .y o= (/A (23) ) (20d)
X (o (RMBH (31 o= (/20PH (1) (nih) | Ty (45)

where the Hamiltonian 4 is decomposed into local operators as

H =Y H(r) (46)

There are many other representations® of path integrals of the thermal
state.

Some useful formulas to calculate (45) explicitly are given in the
Appendix.

6. THERMO FIELD VARIATIONAL PRINCIPLE

The path integral formulation (45) in the preceding section suggests a
“thermo field variational theory.” That is, we consider a trial thermal state
of the form

19(0)>= T[] U;...(0)]0(0)> (47)
{y-k>
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with some appropriate local operators Uy, .. (8). The variational parameter
f) (or many parameters 6;...,) can be determined by the variational prin-
ciple of minimization of the free energy F(8) given by

F(8)=E6)—TS(9) (48)
where the variational energy
E(0) = P(0) o 19(0)5/<¥(0)] #(0)) (49)

and the variational entropy S(6) may be calculated as
S(0)= —ky ) p,logp, (50)

with the probability p, to find the trial vacuum |[¥(8)) in a state |o)
specified by the spin representation.

From this point of view, the nth approximant of the path integral for-
mula (or decomposition formuia) (45) may be regarded as a systematic
variational state, namely,

W, = (Z,(B)2Y)~ e P71 o= DXy 10(0)) (51)

where #/ = #(v;), and
Z,(B)=Tr(eB2mH1. .. o= (B2 Hyy2n (52)

This is very important from a practical point of view, as will be shown
later.

As a simple example of the “thermo field variational method,” we dis-
cuss here the well-known molecular field theory in the Heisenberg model

H=-JY S-S, (53)
<G>

The molecular field thermal state of this system is given in the form
10(B) > =TT (s + 0,57 (B) ST () 10 (54)
j

where the coefficients u,, and v, are determined self-consistently by
minimizing the free energy F = E— TS. Here the energy E is expressed by

e= "2 o s, s 1007 = —iNzm (55)
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in terms of the magnetization m= {S?), in our approximation for the
relevant spin system with interaction J, where z denotes the number of
nearest neighbors. The entropy S is also given by the expression

S= —Nkg(u? log u2, +vZ log v2)
= —Nk{($+m)log(}+m)
+ (3—m) log(3—m)} (56)

from the molecular field thermal state (54), because the magnetization m
takes the form

m=<5;>=C0(B)] S; 10(B)>™
=103~ 1) =4 -, = v~} (57)

with the normalization condition 2 + v2 = 1. Now, the minimization of the
free energy F= E— TS yields the molecular field equation of state

m = 1 tanh(3fzJm) (58)

A more practical application will be given later.

7. THERMO FIELD TRANSFER-MATRIX METHOD

As one of important applications of the path integral formulation of
the thermal state, we propose here “thermo field transfer-matrix method.”
From the general formulation on the thermo field dynamics given in the
preceding sections, the thermal vacuum is also written

10(f)>=A" lim 7"[0(0)) (59)

where A4 denotes the normalization and

AN

1
f:g'l...g;...a‘}v; Z=exp(~%,&%§) (60)

as was given in (45). This formulation has the great merit that the transfer-
matrix J can be obtained explicitly for finite systems without diagonaliz-
ing the Hamiltonian. The product 7" is also easily calculated by a high-
speed computer through the formula

Tr=( (7)) (61)

for n=27.
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The transfer-matrix method for the partition function in quantum spin
systems was already discussed by the present author!>'¥) and by
Betsuyaku.

8. THERMO FIELD MONTE CARLO METHODS

Owing to the path integral formulation of the thermal state given in
Section 5, we can now extend the Kuti-Blankenbecler—Suger (KBS) Monte
Carlo method at zero temperature''®’ to finite temperatures. Blankenbecler
and Sugar"” applied Kuti’s stochastic method with important sampling'®)
to their formula

— B —

(0> 7-0= (W QP> = lim A —C 10

Cnle P09

for the ground state | ¥, ), using Trotter’s formula (43), as was applied to
quantum Monte Carlo simulations first by Suzuki, Miyashita, and
Kuroda.®

Now we can extend their method!'” to the thermal vacuum state
|O{B)) which is expressed by the path summation (45). This may be
called"® “thermo field Monte Carlo method.” For more details, see
Ref. 19.

There are two new aspects in the present thermo field MC methods.
The first one is that the thermal state [O(f)) contains the replicated tilde
states {]6>j, |T>j}. The second point is that Trotter’s number # and tem-
perature I are related to each other in our formulation, as shown in Fig. 1.
Namely, if we put §/(2n) = A7 and fix it for a specific simulation, then we
have n=p/(24t)=1/(2kzTAz). That is, if we increase the number of
Monte Carlo steps, ie., n, for At fixed, then the system moves to lower
temperatures. The state |O(f,)) thus obtained becomes now the initial
state of the MC simulation of the state |O(f§,.,)> at lower temperature
B..1, as shown in Fig. 1. Therefore we can perform successively MC
simulations for a wide range of temperatures very efficiently. This is one of
the great merits of the present new methods.

(62)

n=:aoo Nm e« o o N3 N, N Mg
¢ T T T |
| ! [ i i
! I I ! i
l ! P |
‘ i 1 i 1
B=00 B R B> B Bo

Fig. 1. Tllustration of continuous change of inverse temperatures {B} by increasing Trotter’s
number # in the thermo field Monte Carlo simulation.
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9. APPLICATIONS TO THE TWO-DIMENSIONAL TRIANGULAR
ANTIFERROMAGNETIC QUANTUM HEISENBERG MODEL

One of the most interesting applications of the thermo field dynamics
will be Anderson’s problem on the phase coherence of movable singlet
pairs in the two-dimensional triangular antiferromagnetic quantum Heisen-
berg model.*? Quite recently Hirakawa et al.®® found an experimental
candidate such as NaTiO, to test Anderson’s picture.

In order to study the quantum effect of this system at finite tem-
peratures, the present formulation of thermo field dynamics in quantum
spin systems is very appropriate, because we can discuss the thermal state
explicitly in the form

|O(B)) = A" exp(—3pA) |1} (63)
where the Hamiltonian # is given by
H =Y Hy Hy=—Jo, g, (J<0) (64)
<>

9.1. Cell Approximants

A practical method to study the thermal vacuum state of this system
will be to decompose the exponential operator in (41), as was discussed
already. A new aspect is, however, how a large cell should be used in the
decomposition of (41). The simplest one is given by the following pair-
product approximant®):

|O(B) Y ppa= A [] exp(—3B5) 11> (65)
<>

Here, the partial exponential operator in (65) is given by
exp(—3p#;) =exp(3Ko, o))
=aQ;+bP; (66)
where K= J/k,T <0, and
a=eMX and b= ¥k (67)
Here P, and Q are projection operators defined by
Py=i1-0,0)), Q;,=53+0,70) (68)
Pi=P;, 0;=0; and Pi+0Q,=1

The partition function in this approximation might be obtained in a closed
form. It will be reported in future.



Thermo Field Dynamics of Quantum Spin Systems 1059

In order to study the present system more systematically, we may use
the following formulation:

0t =43 | T exp (~528) | 10 (69)

<>

in some appropriate order of partial exponential operators. This may be
useful in studying our system in the thermo field transfer-matrix and
Monte Carlo methods proposed in Sections 7 and &, respectively.

There are many other larger cell approximants.®

9.2, Variational Theory of Anderson’s Problem

The previous pair-product approximant (65), namely,

[O(B))ppa=AN ﬂ (any'+be') 17> {70)
<>
suggests a variational treatment of the present problem at finite tem-
peratures, though there have been published many papers**2" concerning
variational calculations on quantum spin systems at zero temperature.

It will be essential to study the present system at finite temperatures to
see whether a new type of coherent phase appears or not. For this purpose,
the thermo field variational method will be very convenient. We give here
only some preliminary considerations concerning the above problem.

P. W. Anderson®") proposed that random arrangements of singlet pair
bonds on a triangular lattice would give a trial ground state with an energy
lower than that in the Néel state at zero temperature, as shown in Fig. 2.
This state is represented as

= /n[znw U)J{I>l9> (1)

f.f‘:ff
A

.le./f

Fig. 2. Anderson’s variational ground state."?
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in our representation, where P, is the projection operator into the singlet
state, being given by (68), and {6,} are an algebra defined by

[6,0,1=0, 62=0, and <6]616,18)=1 (72)

J

which are quite analogous to the Grassmann algebra,?®

Now we extend Anderson’s state (71) at zero temperature to the case
at finite temperatures. The simplest extension of it may be

¥ r=A7 ) [] [0:0(uQy+0P)11I> 105 (73)
<

in our formulation, where Q is the projection operator into the triplet
state, being given by (68). Then, the total energy of this trial thermal state
is given by

E= P\ H |Pyr=—iNJ (Wl o0, W)y
= —INJ (| L —4P; | ¥) r —3NJ(’ —v?) (74)

in the pair-bond approximation.
The total entropy may be given by

S= ~iNk4(3u’ log u? + v* log v?) (75)

On the other hand, the normalization of the thermal vacuum state gives
the relation

3w+ vi=1 (76)
where we have used the properties

([P, {1yy=1 and (1] Q,[1),=3 (77)

with the notation |1); given in the Appendix. Therefore, our free energy is
expressed by
F=E-TS

1—x

=%N{—J(l-4x)+kBT[(1~x)log +x10gx]} (78)

with x =v% By minimizing this free energy with respect to x, we obtain

1 —4K

e
and 2

2 _ —_—
e 413

u =

PR "
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where K =J/k,T. Thus, the thermal state coefficients ¥ and v behave as in
Fig. 3. A crossover effect occurs around the temperature 7™ given by
v}(T,) =~ 1/2, namely

SN ICANEI
T _(k3>10g3_3.6iJ1/kB (80)

Below this crossover temperature, singlet pairs are dominant. Above T,
the thermal vacuum state becomes disordered. This quantum crossover
effect’® might be relevant to the experimental result by Hirakawa et al.‘*®

The above treatment may be too simple, because it is equivalent to the
independent pair approximation. In order to take into account the
correlation effect among singlet pairs, we have to include the interaction
among singlet pairs. For this purpose, the larger-cell approximants dis-
cussed in Section 9.1 will be useful. The research in this direction is
promising,

There is another possibility that there might occur a phase transition
below which the long-range order (LRO) does not exist but only the phase
coherence among singlet pairs exists, in the two-dimensional triangular
antiferromagnetic quantum Heisenberg model, as was pointed out by P. W.
Anderson.®) It will be a quite interesting problem to study which
possibility is realized in the above system, by extending the present thermo
field variational theory. This investigation is now in progress.

t
|
a |
— s rs bt tpt st ) T
|
!
I

I
|
u |
|

0 T —= T

Fig. 3. Schematic temperature dependence of u and v, where T* denotes the crossover tem-
perature: (a) Singlet pairs dominant thermal state, and (b) disordered state.
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10. THERMO FIELD DYNAMICS OF FINITE-SPIN SYSTEMS

As an illustrative example of the thermo field dynamics, we consider
here finite-spin systems. The simplest example is a single-spin system, or
equivalently a noninteracting spin system as was discussed in Section 4 to
obtain the generalized Bogoliubov transformation.

10.1. Two-Spin System

The next simple example is a two-spin system of the form
Hy=—J (6707 +0}o))—Jyoici—ugHY) of (81)
j

The thermal vacuum of this system is given by
(0B = Hie™ VPP

— Me(l/Z)KLai-o-je(l/2)(K”\K_L)afc';+ (1/2)h(c; + 05} |I> (82)

where
K, =pJ,, Ky=pJ,, and h=puzH (83)
1t is easy to show that
|0(B) > =H3{(bo—ao)(c~s) 3,
+ aolc +8)(c+53) 11Dy — 2aq(cst + 5¢3)(8.5;+ B.4))
+ 2ag(c+5) epsy(d,8,— BB}, d=oad (84)

where we have used the formulas in the Appendix and also used the follow-
ing abbreviations:

c=cosh (K, —K,), s=sinh (K, - K )
¢, =cosh(3h), s, =sinh(3h)
ap=exp(3K,),  bp=exp(—3K,) (85)
and
\1>,=d,6,+8.5,+B.d,+B.B, (86)
Now the thermal state can be expanded as

10(B)>,=10(B)>o+h|0(B)) 4, + O(h?) (87)
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where

[0(B) >0 = Mo {[(bo—ap)c—s) §y+ag(c+s) |T>ﬁ-2aos(diﬁj+gidj)}]

and
[0(B) ) 5y = Ay aole +$)(&:8;,— B.5)) (83)
In particular, for the isotropic case, the zeroth thermal state is reduced
to

|0(B) Y5 = No(a 1)+ (b—a) §;)
==/V0(aQij+bPij) ‘i>y (89)

with a=exp(K/2) and b= exp(—3K/2), in agreement with (65).

10.2. Three-Spin System

Next we consider a three-spin system shown in Fig. 4, whose
Hamiltonian is given by

Hy=—Jo;0,+0; 0, +0,0) {90)

Fig. 4. Three-spin system.
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The thermal state of this system is expressed by
|O(B)>5 = N; exp(—3BH5) |1
= N5 expl — 3B(H5;+ A+ H)] 1D
= N;[cosh(3K) + isinh(3K)(0, 6,4+ 0, 0, + 0, 0,)] [I> (91)
where we have used the identity
e®7 = cosh(3K) + isinh(3K) A (92)
with
H=0,"0;+0,"0,+0,0,; (93)
Equivalently the thermal state (91) is written
\O(B) )5 = A3{e®PX — 4 sinh 3K)(Py+ Py + Pp) } 11> (94)
In the low-temperature limit 7' — 0, we have
[0(0) >3 =A5(Py+ Py + Piy) 11D
:JVls(S'z‘jli>k+§jk)T>i+§kiﬁ>/‘) (95)
for J < 0. The physical picture of this state is clear, where

\I>k=&k+gk=“k&k+ﬂkﬁk (96)

Namely, the singlet pair is moving around coherently in the triangular cell.
This picture holds still at finite temperatures low enough, as is seen from
the expression (94). More explicitly, we have

10015 = 44| €021 = Ssinh (S K) 5, 1T+ 85 15,8, 1) | 07)

N

By the way, the pair-product approximant of the thermal state of this
1O(B) > ppa = Nppa CXP(—

system is given by
oo(-42)
B

X CXP(‘_Efyﬁci 115

)
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= Nppaid® |11 > ik _azc(ﬁzj 1, + 5 115+ 5 110)
1 — —~—
+ = ac®[s;S(E0 + B.Be)+ 88 g0, + Biﬂj)

2
+ Ski};(&k“j + Ekﬁj)]

1
css,k(cxozk+ﬁﬁk c=b—a {98)

where we have used the formula in the Appendix. In the low-temperature
limit 7T — 0, the above pair-product thermal state becomes

lo(ﬁ)>%’7;’=AO):'/V/PPASij/5\f;(&,ak+Ejﬁk) (99)

for J<0. It should be remarked that this state is rather different from the
true ground state (95), namely, our pair-product approximant is not so
good at very low temperatures, as it should be.

Next we discuss the variational thermal state |¥ ), in (73) for our
comparison. It is expressed by

IW>T:/VTZ H [Hiej(uQ;j-f-vP,-j)] >

<y
= N[Bu+(v—u)(Py+ Py + P )11

D—.—‘
= ,/VT[%(U +3u) — 3

. (Ji'0j+oj’0k+6k-oi)] 11> (100)
m our three-spin system, where # and v are given by (79) or are shown in
Fig. 3. In the low-temperature limit, we have

\W>T=0:%(Ptj+ij+Pkf) I
= A8y 11* 4+ 5 11D, 481 11))) (101)

for J <.

Thus, the variational thermal state agrees with the true ground state
(95) in the low-temperature limit. Bven at finite temperatures, the
variational thermal state of this three- spin system is rather good. Compare
the coefficients (v —u) and 3u with —%sinh (3K/2) and e**%, respectively.
Thus, we find that the variational thermal state (100) is much better than
the pair-product thermal state (98) in the whole region of temperature. The
reason why the above variational thermal state (100) is improved com-
pared with the pair-product thermal state (84} is that the both states are

822/42/5-6-22
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quite similar in form, but that there is no overlap of singlet pairs in (100),
whose restriction in the variational thermal state may compensate the non-
commutativity of pair interactions {#} in the thermal state (91).

11. PERTURBATIONAL EXPANSION OF THE THERMAL STATE
AND TIME-DEPENDENT STATE

We consider here a system #; with a perturbation 4] as
H = Hy+ A (102)
The corresponding thermal vacuum state can be expanded as

|O(B)) = N exp(—3Bots — 3pA7) )

A +§1(—% g [ a8 080 0B

(103)
where
lO(B)> o= Ao exp(—3B) 1T (104)
and
%(ﬁ):e-(l/l’-)ﬁéfo%ple(lﬂ)ﬁfo (105)
Here the normalization constant .4 should be expanded as
(N7) 72 = (1| exp(— Bty — ) 11>
= B Bn-1
n=1 Y 0
< dB, H(25,) -+ H28) | 11> (106)

These results will be useful in discussing the response function for the per-
turbation 4.

Similarly, we can discuss the perturbational expansion of the time-
dependent perturbation J#(t). Our starting point is Eqgs. (18) with (19),
namely,

3 4 -
i = |W(1)) = (A + Hi(1) |P(0) ) (107)
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where
Hy=s—H  and  H(t)=H(t)— H(1) (108)

The formal solution of (129) is given by

w0y =~ exp. (5[ Gt Ao ds) W)y (109)

This can be expanded as

1P(1)> = A [1 + g <71;%> fﬁ dt1-~-f”

0

a, J%m)---%%uﬂ

X exp [(t;alO) %] 1P(10) (110)
where
Hi(1) = V(1) (1) Vi(1) (111)
with
V(1) = exp (l;zlo ,}%) (112)

Some applications of this perturbational method will be given
elsewhere.

CONCLUDING REMARKS

In the present paper, the thermo field dynamics for interacting quan-
tum systems is formulated. However, the present formulation is quite
general and holds in general quantum systems such as Fermi and Bose
systems. In particular, it should be remarked that the thermal vacuum state
is given by

|0(B)> =Z(B) ™' exp(—3BH#) I (113)

for any interacting Hamiltonian 5 and for the identity state [I) which is
expressed as

=3 |o,a) (114)

for any representation |« ). This property is essential in performing quan-
tum Monte Carlo simulations in the present formulation.
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The temporal evolution of the time-dependent state |[¥(¢)) is
described by the equation

%] P
th—-|¥(1)) = H(1) |#(1)) (115)

where (1) is given by
H(1)y=H(1)— H(1) (116)

We can derive Kubo’s linear response theory' from the above fun-
damental temporal evolution (115).
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APPENDIX: SOME USEFUL FORMULAS CONCERNING THE
THERMAL VACUUM STATE AND PROJECTION
OPERATORS

The present formulations of the variational theory and quantum
Monte Carlo simulation are quite different from the previous
ones, (34 271215.18.203048) iy that we are treating here replicated systems,
namely real spins {S,} and tilde spins {3;}. Thus, we need some new for-
mulas concerning the above new operators and states.

First we define the sates, «;, f;, &, B, d;, B \T},-j, singlet state s,; by

1 0 1 1
‘xiz(o)ia ﬂi:<1>ia Si(xi_"jan Sif,= _zﬂi

and
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Then, we have the following formulas:

(a) Pyi1)>,=s,5,=5, (A4)

yry

where P is the projection operator defined by (90).

(b) Pyo;f)=2""2s;,  Py(Bix)=—2"""s, (AS)
(©) PyPull =550 (A6)

(d) Pylsuo) =380,  PylsaB)=135;Ps (A7)
(€) PuPu 1)y =s,5(80;+ B:B,)2 (A8)

(f) PyPuPy 1 =15;58:0+ B:Be)/4 (A9)
(8) PyPyPu |1 = 35u85550 (A10)

(h) Py PyPiPu 1 =%5u5555m (Al1)

Here i # j # k # 1. Many other formulas can be obtained easily.

REFERENCES

1. L. Leplae, F. Mancini, and H. Umezawa, Phys. Rep. 10C:151 (1974).

2. Y. Takahashi and H. Umezawa, Collect. Phenom. 2:55 (1975).

3. H. Umezawa, H. Matsumoto, and M. Tachiki, Thermo Field Dynamics and Condensed
States (North-Holland, Amsterdam, New York, 1982}.

4. M. Suzuki, in Progress in Quantum Field Theory, H. Ezawa and S. Kamefuchi, eds.
(North-Holland, Amsterdam, 1986).

5. H. Matsumoto, in the same book as in Ref. 4. Progress in Quantum Field Theory,
H. Ezawa and S. Kamefuchi, eds. (North Holland, Amsterdam, 1985).

6. H. Matsumoto, Y. Nakano, and H. Umezawa, Phys. Lett. 100A:125 (1984).

7. T. Arimitsu and H. Umezawa, Prog. Theor. Phys. 74:429 (1985).

8. R. Kubo, J. Phys. Soc. Ppn. 17:1100 (1962).

9. R. Kubo, J. Phys. Soc. Jpn. 12:570 (1957).

10. P. Martin and J. Schwinger, Phys. Rev. 115:1342 (1959).

11. M. Suzuki, Commun. Math. Phys. 51:183 (1976); Commun. Math. Phys. 57:193 (1977).

12. M. Suzuki, Prog. Theor. Phys. 56:1454 (1976).

13. M. Suzuki, J. Math. Phys. 26:601 (1985).

14. M. Suzuki, Phys. Rev. B 31:2957 (1985).

15. H. Betsuyaku, Phys. Rev. Lett. 53:629 (1984); Prog. Theor. Phys. 73:319 (1985).

16. J. Kuti, Phys. Rev. Lerr. 49:183 (1982).

17. R. Blankenbecler and R. L. Sugar, Phys. Rev. D 27:1304 (1983).

18. M. Suzuki, S. Miyashita, and A. Kuroda, Prog. Theor. Phys. 58:1377 (1977).

19. M. Suzuki, Phys. Letr. I11A:441 (1985); see also M. Suzuki, J. Phys. Soc. Jpn. 54:4483
(1983).



1070 Suzuki

20

21.

22,

23.
24,
25.

26.
27.
28.
29.
30.
31.

32,

33.
34.

35.
36.
37.
38.
39.

40
41
4
43
44
45
46
47

. J. E. Hirsch, D. J. Scalapino, R. L. Sugar, and R. Blakenbecler, Phys. Rev. Lett. 47:1628
(1981); Phys. Rev. B 26:5033 (1982).

P. W. Anderson, Mat. Res. Bull. 8:153 (1973); P. Fazekas, and P. W. Anderson, Philos.
Mag. 30:423 (1974).

K. Hirakawa, H. Ikeda, H. Kadowaki, and K. Ubukoshi, J. Phys. Soc. Jpn. 52:2822
(1983); K. Hirakawa, H. Kadowaki, and K. Ubukoshi, J. Phys. Soc. Jpn. 54:3526 (1985).
M. Suzuki, J. Phys. Soc. Jpn. 21:2274 (1966).

P. W. Anderson, Phys. Rev. 86:694 (1952).

M. Suzuki and S. Miyashita, Can. J. Phys. 56:902 (1978); S. Miyashita, J. Phys. Soc. Jpn.
53:44 (1984).

T. Oguchi, H. Nishimori, and Y. Taguchi, J. Phys. Soc. Jpn. 55:323 (1986).

S. Fujiki and D. D. Betts, preprints.

F. A. Brezin, The Method of Second Quantization (Academic Press, New York, 1966).
M. Suzuki, Prog. Theor. Phys. 56:1007 (1976).

M. H. Kalos, Monte Carlo Methods in Quantum Problems (D. Reidel, Dordrecht, 1984).
K. Binder, Monte Carlo Methods in Statistical Physics I (Springer-Verlag, Heidelberg,
1979).

O. G. Mouritsen, Computer Studies of Phase Transitions and Critical Phenomena
(Springer-Verlag, Heidelberg, 1984).

M. Barma and B. S. Shastry, Phys. Letr. 61A:15 (1977).

H. De Raedt and A. Langendijk, Phys. Rev. Lett. 46:77 (1981); J. Star. Phys. 27:731
(1982); Phys. Rev. Letr. 49:1552 (1982); Phys. Rev. 24B:463 (1981); H. De Raedt, B. De
Raedt, and A. Lagendijk, Z. Phys. B57:209 (1974); H. De Raedt and B. De Raedt, Phys.
Rev. 28A:3575 (1983), and H. De Raedt and A. Lagendijk, Phys. Rep. 127:233 (1985).

J. J. Cullen and D. P. Landau, Phys. Rev. B27:297 (1983).

A. Wiesler, Phys. Lett. A89:359 (1982).

I. W. Lyklema, Phys. Rev. Lett. 49:88 (1982); Phys. Rev. B 27:3108 (1983).

M. Kolb, Phys. Rev. Lett. 51:1696 (1983).

H. De Raedt, J. Fivez, and A. Lagendijk, Solid State Sciences Series, S. W. Lovesey, ed.
(Springer, Berlin, 1984).

. S. Chakravarty and D. V. Stein, Phys. Rev. Lett. 23:583 (1982).

. Y. Avishai and J. Richert, Phys. Rev. Lett. 50:1175 (1983); Phys. Rev. Lett. 51:1103 (1983).
. M. Takahashi and M. Imada, J. Phys. Soc. Jpn. 53:963 (1984).

. T. Sakaguchi, K. Kubo, and S. Takada, J. Phys. Soc. Jpn. 54:861 (1985).

. S. Homma, H. Matsuda, and N. Ogita, Prog. Theor. Phys. 72:1245 (1984).

. H. Takano, Prog. Theor. Phys. 73:332 {1985).

. T. Tsuzuki, Prog. Theor. Phys. 73:1352 (1985).

. M. Takasu, S. Miyashita, and M. Suzuki, Prog. Theor. Phys. (submitted).

48. M. Suzuki, J. Stat. Phys. (1986, to appear).



